A relativistic neutral scalar field is investigated in non-equilibrium thermo field dynamics. The canonical quantization is applied to the fields out of equilibrium. Because the thermal Bogoliubov transformation becomes time-dependent, the equations of motion for the ordinary unperturbed creation and annihilation operators are modified. This forces us to introduce a thermal counter term in the interaction Hamiltonian which generates additional radiative corrections. Imposing the self-consistency renormalization condition on the total radiative corrections, we obtain the quantum Boltzmann equation for the relativistic scalar field. §1. Introduction A scattering process is described by a relativistic quantum field theory at high energy. The quantum field theory has to be extended to study an out of equilibrium system for a relativistic field. There are several formalisms to introduce a thermal property in the quantum field theory, for example, thermo field dynamics, closed time path formalism and Langevin equation. 1)-3) The thermo field dynamics (TFD) is a real time formalism based on the canonical quantization. 4)-7) In TFD the thermal Bogoliubov transformation is introduced with particle number density and the thermal Bogoliubov transformed oscillator defines the so-called thermal vacuum state. The thermal average of a dynamical operator is represented as an expectation value in the thermal vacuum state.
§1. Introduction
A scattering process is described by a relativistic quantum field theory at high energy. The quantum field theory has to be extended to study an out of equilibrium system for a relativistic field. There are several formalisms to introduce a thermal property in the quantum field theory, for example, thermo field dynamics, closed time path formalism and Langevin equation. 1)-3) The thermo field dynamics (TFD) is a real time formalism based on the canonical quantization. 4)- 7) In TFD the thermal Bogoliubov transformation is introduced with particle number density and the thermal Bogoliubov transformed oscillator defines the so-called thermal vacuum state. The thermal average of a dynamical operator is represented as an expectation value in the thermal vacuum state.
Much attention has been paid to generalize it for an out of equilibrium system and derive the time evolution equation for a particle number distribution. The non-equilibrium thermo field dynamics (NETFD) is constructed by extending the thermal Bogoliubov transformation in Ref. 8) . The Boltzmann-like equation for a non-relativistic particle is found by the time evolution equation for the expectation value of the particle number operator with perturbed oscillators in Ref. 9) .
In NETFD the thermal counter term is introduced from the consistency of the time evolution for an ordinary oscillator and the thermal Bogoliubov transformed one. 10)-12) The Boltzmann equation is derived from the self-consistency renormalization condition which is imposed on the quantum corrections with the thermal counter term. 13), 14) The method was extended to an inhomogeneous system with typeset using PTPT E X.cls Ver.0.9 diffusion. 15), 16) Recently NETFD is applied to evaluate the Bose-Einstein condensation in trapped cold atom systems. 17)- 20) NETFD for a relativistic field is necessary to study the thermalization process of quarks and gluons in ultrarelativistic heavy ion collisions. An out of equilibrium system for a relativistic field is also essential in critical phenomena at early universe. Several works have been done for a relativistic field in NETFD. 21) , 22) However, the canonical formalism of NETFD has not been fully established for a relativistic field yet. Thus we have launched our plan to make a systematic study of the canonical quantization in NETFD based on the thermal Bogoliubov transformation.
In this paper we focus on a relativistic neutral scalar field and investigate the canonical quantization in a homogeneous system. In §2 we briefly review TFD for a scalar field. The thermal Bogoliubov transformation is made time-dependent for an out of equilibrium system in NETFD, in accordance with time-dependent particle number distribution. In §3 we discuss how to decompose the neutral scalar field. In §4 the scalar field is quantized in the canonical formalism. We introduce the thermal counter term and calculate the scalar propagator. The self-consistency condition is introduced from the structure of the scalar propagator. The time evolution equation is obtained from the self-consistency renormalization condition. In §5 it is confirmed that the self-consistency condition implies the correspondence between the thermal Bogoliubov parameter and the particle number density, given by an expectation of the Heisenberg number density operator. We impose the condition on the neutral scalar field with self-interactions. Concluding remarks are given in §6. §2. Non-equilibrium thermo field dynamics There are several real time formalisms to introduce thermal dynamics in a quantum field theory. TFD is one of the real time formalisms based on the canonical quantization. In TFD the statistical average of an observable quantity is represented as an expectation value of the observable operator under a pure state called thermal vacuum. The ordinary oscillator operators, after each degree of freedom is doubled as below, are related to new oscillator ones through a Bogoliubov transformation whose annihilation operator annihilates the thermal vacuum. The thermal Bogoliubov transformation is made time-dependent to deal with a non-equilibrium state in NETFD. In this section we briefly review the framework of NETFD.
In TFD the thermal degree of freedom is introduced by doubling the Fock space which is spanned by ordinary annihilation, creation operators, (a a † ), and tilde ones, (ãã † ). For a bosonic field the operators satisfy the commutation relations,
We define the tilde conjugation rules by
where A 1 and A 2 mean any operators, and c 1 and c 2 are c-numbers. Time evolution for the tilde operator is generated by the tilde conjugate of a usual Hamiltonian. The tilde-Hamiltonian,H, is constructed only from the tilde-operators. The time evolution of whole a physical system is described by a hat-Hamiltonian,
To develop the canonical quantization in NETFD it is more convenient to rewrite the annihilation and creation operators by the transformation called the time-dependent thermal Bogoliubov transformation, 9) where the upper indices, α and β, represent the thermal doublets,
The thermal Bogoliubov matrices, B and B −1 , are chosen as 13) so that the Dyson-Wick formalism can be used. 23) Since we work in the interaction picture, the operators, ξ p (t) and a p (t), depend on time. In a particular case of equilibrium, the Bogoliubov parameter n p is time-independent and is taken to be the Bose-Einstein distribution. The time dependence of the transformed oscillators is given by
14) 15) where ω p describes the on-shell energy for the scalar field, ω p = p 2 + m 2 . Though the energy, ω p , is not always time-independent, we confine ourselves to a system with a time-independent ω p , for simplicity. It should be noted that non-trivial time dependence is induced for the oscillators, a p andā p , through the time-dependent Bogoliubov parameter with momentum index, n p (t). For a homogeneous and isotropic system which we assume in our practical calculations below, n p (t) is a function of the time and the magnitude of the momentum. As will be seen in §5, the correspondence between n p (t) and the particle number density, given by an expectation of the Heisenberg number density operator, is shown by imposing the self-consistency renormalization condition for a non-relativistic system. 4), 13), 14) The thermal vacuum is defined by
The thermal vacuum state is invariant under the tilde conjugation, (|θ ) ∼ = |θ , and ( θ|) ∼ = θ|. After we perform the thermal Bogoliubov transformations (2 . 8) and (2 . 9) on the oscillators, ξ andξ, Eqs. (2 . 16) and (2 . 17) are rewritten as 
(butĤ int |θ = 0), which enables us to use the Dyson-Wick formalism. As is known, the Bogoliubov transformation keeps the commutation relations. Thus the transformed operators, ξ andξ, satisfy the commutation relations.
[
A scalar field is quantized under these commutation relations. It should be noticed that physical observables are constructed by the original operators, a and a † . We would like to evaluate the expectation value for such operators under the thermal vacuum, |θ . §3. Relativistic neutral scalar field in NETFD
In the previous section we have introduced the bosonic operators, a p and ξ p . A scalar field can be represented by either of these operators. Since the thermal Bogoliubov transformation does not depend on the time variable in equilibrium, the time dependence of both the operators is described by the same Hamiltonian in the interaction picture. On the other hand, the time-dependent Bogoliubov transformation induces a discrepancy between the time evolution for a p and ξ p in NETFD.
We introduce a decomposition of the scalar field in terms of the operator a p in a consistent manner.
A neutral scalar field can be represented by the operators, ξ p andξ p , in the interaction picture,
where τ 3 is the third Pauli matrix acting on thermal indices. The canonical conjugates for the fields, φ ξ andφ ξ , are given by
These fields satisfy the canonical commutation relations at the equal time,
It is straightforward to quantize the scalar fields, φ ξ andφ ξ , under the thermal vacuum in a canonical formalism. However, a canonical formalism is necessary for a scalar field written by the operators a andā in order to evaluate physical observables. The time dependence of the operators, a p andā p , can be fixed by the time evolution equations for the operators, ξ p andξ p . Differentiating Eqs. (2 . 14) and (2 . 15) with respect to the time variable, we obtain the time evolution equations for the operators, ξ p andξ p ,
Applying the thermal Bogoliubov transformation (2 . 8) for the operator ξ in Eq. (3 . 7), we obtain a time evolution equation for the operator, a,
where the matrix, T 0 , is
We note that T 0 2 = 0. From Eq. (3 . 9) it is found that the energy eigenvalue for the operator, a, relies on the time derivative of the thermal Bogoliubov parameter and written as
Hence we write the time evolution for the positive frequency part of the scalar field as
We obtain the differential equation for the operator,ā, by the thermal Bogoliubov transformation (2 . 9) for Eq. (3 . 8),
The time dependence for the negative frequency part of the scalar field is represented asā
14)
The positive and negative frequency parts rely on the same energy eigenvalue. Both the operators, a p andā p are organized into the positive and negative frequency parts of neutral scalar fields,
Due to the non-Hermiticity of Eqs. (3 . 12) and (3 . 14), the neutral scalar fields (3 . 15) and (3 . 16) are not invariant under the time-reversal transformation. The canonical conjugate fields, π α a andπ α a , are decomposed into
Using the commutation relations (2 . 3), we calculate the equal-time commutation relations for φ a and π a and get
Thus we obtain a decomposition for the scalar field by the operators a andā with an ordinary canonical commutation relations. We construct the Hamiltonian,Ĥ Q , which describes the time evolution of the field, φ a . The equations of motion for the fields, φ a and π a , are derived from Eqs. (3 . 12) and (3 . 14),
where we make the definition,ω ∇x ≡ −∇ 2 x + m 2 . Thus the Hamiltonian,Ĥ Q , is found to beĤ
The equations of motion (3 . 21) and (3 . 22) are reproduced from this Hamiltonian. §4. Self-consistency renormalization condition
In the previous section the Hamiltonian,Ĥ Q , is obtained from the equation of motion for the neutral scalar field, φ a . Here we regard the Hamiltonian,Ĥ Q , as the unperturbed part and adopt the perturbation theory. In the thermal doublet notation the quantum field theory for a neutral scalar field is defined by the Hamiltonian,
whereĤ 0 andĤ int represent the free and interaction part of the hat-Hamiltonian for neutral scalar field, respectively. The free hat-Hamiltonian is written aŝ
The unperturbed hat-Hamiltonian,Ĥ Q , is given from Eq. (3 . 23) bŷ
whereQ is called the thermal counter term and is found to bê
So the interaction hat-Hamiltonian in NETFD, denoted byĤ I , is notĤ int but has to include the counter term,Ĥ 5) and the total Hamiltonian is rewritten aŝ
Below we develop the perturbation theory in NETFD with respect to the unperturbed Hamiltonian,Ĥ Q , and the interaction Hamiltonian,Ĥ I .
According to the Dyson-Wick formalism, we evaluate a quantum correlation function. Thus the scalar propagator is given by
where T denotes time-ordering and the operator u(t, t ′ ) is given by
Below we drop the momentum label, p, in the propagator and the scalar field for simplicity. From (2 . 22) the thermal bra vacuum is invariant under the time evolution, θ|u(t, t ′ ) = θ|. The propagator (4 . 7) is rewritten in terms of the transformed operators, ξ and ξ, 9) where the fields φ ξ,± andφ ξ,± show the positive and negative frequency parts, respectively,
10) (2 . 17) it is found that the propagator (4 . 9) has the following structure with respect to the thermal Bogoliubov matrices, B(n p (t x )) and B(n p (t y )),
where
Performing the thermal Bogoliubov transformations for Eq. (4 . 4), we rewrite the thermal counter termQ by the transformed operators, ξ andξ,
The thermal counter term satisfies θ|Q = 0. This condition is important, and necessary to use the Feynman diagram procedure. 4 
), 23)
The thermal counter term can be fixed by the renormalization condition. Since Eq. (4 . 19) is proportional to ξ †ξ † , the thermal counter term appears in the inverse propagator or the self energy, and modifies, at the leading order for the propagator, 
On the other hand, the quantum correction at the leading order is written in 2 × 2 matrix form by using the free propagator, D αβ 0 , and the self-energy, Σ γ 1 γ 2 ,
An explicit form for the free propagator is given in (A . 3). The retarded and advanced parts of the self-energy, Σ R and Σ A , are defined by
The first and last terms in the right-hand side of Eq. Umezawa have proposed the self-consistency renormalization condition to fix the thermal counter term. The condition imposes θ|ξ H,p (t x )ξ H,p (t x )|θ = 0 at the equal time limit, t x → t y , 24) where the subscript H denotes the Heisenberg picture and whose implication will be seen at the top of the next section. The condition amounts to the vanishing off-diagonal elements, d 12 1 and d 21 4 , in the limit. * ) Due to the tilde conjugation rules, both the equations give an equivalent condition. Thus the self-consistency renormalization conditions reduce to a single equation. From Eqs. (4 . 20) and Eq. (4 . 21) we obtain
In thermal equilibrium δΣ B,1 and δΣ B,4 vanish, so that these conditions are satisfied automatically. In NETFD Eq. (4 . 27) shows the time evolution for the thermal Bogoliubov parameter, n p (t). * ) Substituting the fields (4 . 10)-(4 . 13) and taking the equal time limit, we obtain
For a practical calculation in homogeneous NETFD it is more convenient to employ the t-representation, while the spatial Fourier transformation is performed. Differentiating Eq. (4 . 27) with respect to t x and performing the spatial Fourier transformation, we obtaiṅ
where δΣ B,1 (t x , t z 1 , t z 2 , t y ; p) is written by the propagator and the self-energy in the t-representation, The Heisenberg number density, n H,p (t), is defined by
It is the self-consistency condition 4), 13), 14) in the previous section that establishes the correspondence between the thermal Bogoliubov parameter, n p (t), and the above particle number density, n H,p (t). We can confirm the correspondence as follows. The interaction hat-Hamiltonian,Ĥ I , annihilates the bra vacuum (but not the ket vacuum in general though), 
Thus the thermal Bogoliubov parameter is equal to the Heisenberg number distribution at each instant of time under the self-consistency renormalization condition,
In what follows we apply the self-consistency renormalization condition to the self-interacting systems of relativistic scalar field and derive the quantum Boltzmann equation for the thermal Bogoliubov parameter.
λφ 3 interaction model
First we calculate the time evolution of the thermal Bogoliubov parameter for a neutral scalar field with a three-point self-interaction. We start from the Hamilto-
with
where φ a and π a mean φ 1 a in Eq. (3 . 15) and π 1 a in Eq. (3 . 17), respectively. The fields, φ a and π a , are also equivalent toφ 1 a in Eq. (3 . 16) andπ 1 a in Eq. (3 . 18). The tilde conjugate Hamiltonian,H, is described by the fields,φ a andπ a , which are equivalent to φ 2 a and π 2 a , respectively. We evaluate the one-loop thermal self-energy by using the Feynman rules in the thermal doublet notation. 22), 25) In the t-representation we assign the propagator (A . 3) to each internal line and
to each vertex. At the one-loop level the thermal self-energy is diagrammatically represented in Fig. 1 , and is calculated as
Thus the off-diagonal elements, (4 . 22) and (4 . 25) , are given by 
The third line of this equation has the same statistical structure as the quantum Boltzmann equation. Off-shell contribution is included through the second line of Eq. (5 . 16). At the limit, t x → ∞, the second line of Eq. (5 . 15) reduces to the delta function which guarantees the energy conservation. Then the collision term of the quantum Boltzmann equation is derived from Eq. (5 . 15). It shows that time evolution for the thermal Bogoliubov parameter is described by the quantum Boltzmann equation at the limit.
λφ 4 interaction model
Next we consider a neutral scalar field with a four-point self-interaction. The model is defined by the Hamiltonian,
The numerical factor in the interaction term provides the same assignment to each vertex as in the previous model. We calculate the thermal self-energy in this model. Since there is no momentum transfer from the external to the internal lines, the self-energy has a diagonal form at the one-loop level. Thus the self-consistency renormalization condition is satisfied forṅ p (t) = 0 at one-loop level. The time evolution of the thermal Bogoliubov parameter is induced from the two-loop self-energy illustrated in Fig. 2 . We compute the diagram and obtain
The off-diagonal elements, (4 . 22) and (4 . 25) , are given by We have investigated a relativistic neutral scalar field in NETFD. Thermal degree of freedom is introduced through the time dependent Bogoliubov transformation. Then the thermal counter term has to be introduced for a consistent description of both a(t) and ξ(t) under the transformation, and is a part of the interaction Hamiltonian. We adopt the perturbative expansion, and calculate the full propagator in the canonical formalism. The Bogoliubov matrix structure of the propagator is crucial.
Applying the self-consistency renormalization condition 24) to a relativistic neutral scalar field, we have derived the time evolution equation for the thermal Bogoliubov parameter which is considered to be the particle number density. It has been shown that the equation reduces to the quantum Boltzmann equation in φ 3 and φ 4 interaction models.
In this paper we impose the Lorentz covariance for the neutral scalar field and decompose it in terms of the creation and annihilation operators, ξ and ξ † . It is not always possible to do so in a general situation of non-equilibrium system. Some modification would be necessary to apply the procedure to a field with a timedependent screening mass, for example.
There are some remaining problems. There is no counter term for the second and third lines in Eq. (4 . 14). These terms may have a nontrivial contribution to the time evolution equation at higher order.@ In the present paper we have assumed spatial homogeneity. The space-time dependence is also important to study some relativistic systems. Some works to extend NETFD to spatially inhomogeneous systems have been attempted for non-relativistic field. An essence of such extension is to expand the field operator not by a complete set of plane wave functions, but by a complete set mixing momentum for diffusion process 15), 16) or by a complete set of wave functions under trapping potential for cold atomic system, 19), 20) while the equal-time commutation relations are preserved. We can formulate inhomogeneous TFD for relativistic fields in similar ways. We are also interested in applying the procedure to a relativistic Dirac field and an inhomogeneous system. We hope to solve these problems and report the result in future.
Substituting (B . 5) and (B . 8) into Eq. (B . 9) we obtain the quantum Boltzmann equation in the non-relativistic regime,
× n p (t s )n k 1 (t s )(1 + n k 2 (t s ))(1 + n k 3 (t s )) − (1 + n p (t s ))(1 + n k 1 (t s ))n k 2 (t s )n k 3 (t s ) . 
